A regular integral equation based on the surface source distribution method is developed to solve the exterior acoustic radiation and scattering problems. This integral equation, formed by seeking the equivalent mixed-layer potential distributed over an auxiliary surface retracted from the actual boundary, is uniquely solvable and has nonsingular kernel function. Hence, it is more amenable to numerical implementation and can circumvent the difficulties of singularity, nonuniqueness, and slope discontinuity of the conventional integral equation formulations. In contrast to the behavior of Fredholm integral equations of the second kind, the discretization of a regular integral equation will not result in a diagonally dominant coefficient matrix. To overcome the undesirable numerical instability, the optimal selection of the interior source surface is investigated through error estimate of the numerical integration. The versatility and accuracy of the proposed formulation are demonstrated by numerical examples involving spheres, prolate spheroids, and finite cylinders. be corrected by successive iterations. Obviously, the numerical implementation of this approach is more complicated than the previous methods due to the iterative procedures. An alternative to removing the breakdown in the Helmholtz integral formulation is the null-field method that is based upon the fact that the field vanishes interior to the body. Using the bilinear expansion for the free-space Green's function in a series of orthogonal functions, the interior Helmholtz integral relation may be reduced to an infinite system of equations, called the null-field equations. Equations of this type were first derived by Waterman for electromagnetic scattering •sand later for acoustic scattering problems.
INTRODUCTION
The boundary integral equation method has been widely used to solve the problems of acoustic radiation and scattering by arbitrarily shaped obstacles. The essence of boundary integral equation techniques is the transformation of the original partial differential equations to equivalent integral equations that involve only the boundary values of the original dependent variables. As such, any discretization scheme needed subsequently would only involve subdivisions of the boundary surface as opposed to other solution schemes that require discretization everywhere in the entire domain of the problem. Furthermore, the radiation condition at infinity is automatically satisfied in any integral equation formulation for the exterior acoustic problem.
Unfortunately, all the conventional integral equation formulations, either by seeking equivalent single-or doublelayer surface source distributions or by using the Helmholtz integral representation, break down at certain discrete frequencies that match the eigenfrequencies of the adjoint internal acoustic problem. 1 This is not a physical difficulty inherent in the exterior problem but rather a computational difficulty inherent in the integral representation of the solution. It is due to the close coupling between boundary integral equation formulations of exterior and related interior problems, and the so-called fictitious eigenfrequencies are associated with the existence of standing wave within the region interior to the source surface.
There are many improved integral equation methods to remedy the deficiency of fictitious eigenfrequencies. One of be corrected by successive iterations. Obviously, the numerical implementation of this approach is more complicated than the previous methods due to the iterative procedures.
An alternative to removing the breakdown in the Helmholtz integral formulation is the null-field method that is based upon the fact that the field vanishes interior to the body. Using the bilinear expansion for the free-space Green's function in a series of orthogonal functions, the interior Helmholtz integral relation may be reduced to an infinite system of equations, called the null-field equations. Equations of this type were first derived by Waterman for electromagnetic scattering •sand later for acoustic scattering problems.
•a The null-field equations are uniquely solvable for all wave numbers, as shown by Martin, •7 Colton and Kress, •8 and Brod.
•9 In order to solve the null-field equations numerically, the infinite set of equations must be first truncated and then the unknown surface fields must be approximated by a finite series of a complete set of basis functions. However, the rate of convergence may be very slow for the bodies with larger aspect ratios or at higher frequencies. superposition to compute the acoustic fields of arbitrarily shaped radiators. All of them defined the field points and source points upon distinct surfaces to avoid the complication of dealing with singular kernels. However, the selection of interior auxiliary surface becomes a problem. If the interior points are placed near the boundary surface, erroneous results will be obtained due to the singularity. Alternatively, if the interior surface and the boundary surface are much further away, the system equations may become ill-conditioned and the accuracy of the results would be adversely affected.
In this paper, the concept of interior auxiliary surface is applied to the hybrid potential method and the problem of choosing the appropriate interior surface is investigated through error estimate of the numerical integration. A regular boundary integral equation is formulated by seeking the equivalent hybrid potential distributed on the retracted boundary offset toward the interior region. The unwanted culty as the method of Burton and Miller due to the normal derivative of the double-layer potential that leads to a nonintegrable kernel. Sayhi et al.
• applied the addition-subtraction method to reduce the order of singularity and solved the general three-dimensional exterior Neumann problems by this hybrid potential method.
A Based upon the observation that the surface distribution of monopoles or dipoles alone or any combination of these will be sufficient to solve the problem, the most commonly used indirect formulation adopts the single-or double-layer potentials distributed over a surface coinciding with the boundary surface. However, only the combined single-and double-layer integral equation can be used to yield an unique solution for all wave numbers. When the field point approaches the boundary surface from the acoustic volume, the normal derivative of single-layer potential is undefined at a slope discontinuity of the surface and the normal derivative of double-layer potential leads to a strong singularity.
Hence, the use of common surface for source distribution and boundary condition cannot work well in the case of Neumann problem.
In order to resolve all the difficulties of singularity, nonuniqueness, and slope discontinuity, the alternative indirect form used here is to place the hybrid sources on a retracted boundary S' offset toward the interior region D as shown in Fig. 1 . The scattered pressure in the exterior region E or on the boundary surface S is expressed as Ps (x) = fs (g(x,Y') + i*l c•g(x'Y') )h(y')dS(y'), •
s ( •gg(x,Y') + i•l •92g(x,Y') )h(y,)dS(y,)
, c9n• c9n•, c9%,
The proof of the uniqueness of the integral Eq. (7) is given in the Appendix A. Obviously, Eqs. (5) and (7) are very well suited for numerical implementation as compared to the conventional singular equations. They contain no singularities and can be simply approximated by ordinary numerical quadrature and, furthermore, need not be concerned with the jump conditions when the field point approaches the boundary surface and therefore the corners of the boundary are no longer a difficulty.
II. DlSCRETIZATION OF INTEGRAL EQUATIONS
The discretization of the integral Eqs. (5) and (7) is achieved by subdividing the surface of integration into a number of small elements of either quadrilateral or triangular shape. The integrals over the entire surface are then approximated by summations of integrals over each element. Within an element, the spatial coordinates or acoustic variables are related to their nodal values by appropriate shape functions. The numerical evaluation of the element integrals is carried out by using appropriately weighted Gaussian quadrature formulas.
Using the quadratic isoparametric surface elements, the global coordinates y and the unknown source strength h on each element are approximated by m Y= • NaYa, In contrast to the behavior of Fredholm integral equations of the second kind, the coefficient matrix obtained by discretization of regular integral Eq. (7) will not be diagonally dominant. All the terms in the coefficient matrix are proportionally smaller when the subdivision is refined. In order to avoid the undesirable numerical instability, the distance between surfaces Sand S' should be appropriately chosen. If the sources are chosen very close to the boundary, poor results will be obtained due to the singularity of the integrand. Alternatively, if the source surface S' and the boundary surface S are much further away, the system equations may become ill-conditioned since the coefficient matrix is not diagonally dominant. In the following section, the optimal distance between S and S' is investigated through error estimate of the numerical integration.
III. NUMERICAL EVALUATION OF INTEGRALS
To compute the integrals (12) and (13), the surface element is first mapped onto a standard square or triangle (see Fig. 2 ), then the integration in the (•l, •:) plane is evaluated using quadrature formulas. As an illustration of numerical integration, we rewrite the integral (12) or ( 13 ) as the following form: Hence, the integral (16) over a quadrilateral element can be approximated with the quadrature data of (21 ). To estimate the Gaussian quadrature error bounds, we note that the factors in the integrand are the shape functions, kernel functions, and the Jacobian of the implied mapping of a quadratic surface element to planar region. Since the shape functions are only quadratic, the primary variation of the integrand will be determined by the kernel functions which may be characterized by e-ikr/rø, p = 1, 2, or 3 as discussed in previous sections. Therefore, the integral I = fa e-ikr 
Therefore, in the retracted boundary integral equations, the offset distance between the source surface and the actual boundary must be larger than one-quarter of the mesh size.
B. Numerical integration for triangular elements
The numerical integration over a triangle can be performed by introducing the affine transformation: 33 
o<•,.•:<l (2n + 1)[(2n)!] 3 c9r/22" Hence the integral (17) over a triangular element can be numerically evaluated by using the conical product Gauss formulas (29) and (32).
Making the same simplified assumptions, we can obtain the same relative error estimates (24) for the integration over a triangle as shown in Appendix B. Therefore, the same criteria for the mesh size and the offset distance can be also applied for the integration over triangles.
IV. NUMERICAL RESULTS AND DISCUSSION
The geometric configurations considered for the test of numerical implementation are sphere, prolate spheroid, and finite cylinder. The analytical solutions for spherical surface can be derived by means of the retracted boundary integral Eqs. ( 5 ) and (7) as given in Appendix C. However, the exact solutions for other geometries are constructed by using the substitute problems which are equivalent to those having acoustic point source within the given surface. That is, the prescribed normal velocity on the boundary surface is produced by one or more point sources with described strengths located in the interior region of the boundary. For such a specified velocity distribution, the radiated pressure must be identical to that generated by the point sources alone in the infinite medium.
A. Sound radiation from spherical surface
We first solve the sound radiation from a uniformly pulsating sphere of radius a. The source surface is chosen to be a concentric sphere of radius a', where a'< a, and the retraction parameter e is defined as e = a'/a.
The element meshes of a spherical surface are summarized in Table I . To investigate the effect of the coupling constant r/ in mixed-layer potential, the maximum relative errors in surface pressure for various r/are depicted in Fig. 3 
C. Sound radiation from finite cylindrical surface
We now consider the radiation from a finite cylinder of radius a and length l with a boundary condition derived from two point sources of opposite strength, -Q and + Q, as shown in Fig. 7 . The interior source surface is chosen to be a smaller cylinder of radius a' and length l' such that e = a'/a < 1 and l '/a' = l/a. Due to symmetries, only a quarter of the cylindrical surface is modeled by using both the triangular and quadrilateral elements as given in Table III. To handle Making use of symmetry, the element meshes of onequarter prolate spheroidal surface are summarized in Table  II . Figure 6 presents the results for a prolate spheroid of aspect ratio a/b = 2 at nondimensional frequency ka = 0.5 and 2.0. The surface pressure is plotted against the zenithal angle 0 and the far-field pressure is calculated at points located at a distance 5a from the center. These results agree well with the exact solutions computed by equivalent point sources of substitute problems. (7) is unique provided that the coupling constant r/exists.
APPENDIX B: ERROR ESTIMATE OF NUMERICAL INTEGRATION
We first estimate the Gaussian quadrature error bounds on the integral (23) over a quadrilateral element. When the surface of integration is sufficiently discretized, the element will not be severely distorted, and thus the Jacobian can be assumed to be constant within the element, that)s, we can 
